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BOHR INEQUALITIES FOR CERTAIN INTEGRAL OPERATORS
SHANKEY KUMAR AND SWADESH KUMAR SAHOO
Abstract. In this article, we determine sharp Bohr-type radii for certain complex integral
operators defined on a set of bounded analytic functions in the unit disk.
1. Introduction
We denote by D := {z ∈ C : |z| < 1} the unit disk in the complex plane. Let H be the
class of all analytic functions defined on D. Setting B = {f ∈ H : |f(z)| ≤ 1}. Let us first
highlight a remarkable result of Bohr [13] that opens up a new type of research problems in
geometric function theory, which states that “If f(z) =
∑
∞
n=0 anz
n ∈ B, then
∞∑
n=0
|an|rn ≤ 1,
for r ≤ 1/3 and the constant 1/3 cannot be improved.” The quantity 1/3 is known as the Bohr
radius for the class B. Moreover, for functions in B0 := {f ∈ B | f(0) = 0}, Bombieri [14]
found the Bohr radius, which is 1/
√
2 (for more generalization of this result see [36]). These
are not the only classes of the analytic functions where the Bohr radii are studied but also for
many other classes of functions and for some integral operators. Some of those are highlighted
below. In fact an interesting application of Bohr radius problem for the class B can be found
in [35].
In [7], Ali et al. brought into the notice of the Bohr radius problem for the odd ana-
lytic functions, which is settled by Kayumov and Ponnusamy in [19]. Also, Kayumov and
Ponnusamy [21] generalized the problem of the Bohr radius for the odd analytic functions.
Bhowmik and Das [10] studied the Bohr radius for families of certain analytic univalent
(one-to-one) functions. In [9], the Bohr phenomenon is discussed for the functions in Hardy
spaces. The study of the Bohr radius of the Bloch functions discussed in [23]. In [8, 34], au-
thors studied the Bohr phenomenon for a quasi-subordination family of functions. Recently,
Bhowmik and Das [12] studied the Bohr radius for derivatives of analytic functions. To find
more achievements in this context, one may see the papers [1–4, 11, 20, 22, 26–29] and the
references there in. Also, the survey article [5] and the references cited in it are useful in this
direction.
A natural question arises “can we find Bohr radius for certain complex integral operators
defined either on the class B or B0?”. This idea has been initiated first for the classical Cesa´ro
operator in [18]. As our results of this paper are motivated by [18], here first we recall the
definition of the Cesa´ro operator followed by statement of the result on absolute sum of the
series representation of the operator. The Cesa´ro operator is studied in [16] (see, for more
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information, [37] and [38]) which is defined as
(1.1) T [f ](z) :=
∫
1
0
f(tz)
1− tz dt =
∞∑
n=0
(
1
n+ 1
n∑
k=0
ak
)
zn,
where f(z) =
∑
∞
n=0 anz
n is analytic in D. Also, a generalized form of the Cesa´ro operator is
studied in [6].
As noted in [18],
|T [f ](z)| ≤ 1
r
log
1
1− r
for each |z| = r < 1. On the other hand, from (1.1), we also have the obvious estimate
|T [f ](z)| ≤
∞∑
n=0
(
1
n+ 1
n∑
k=0
|ak|
)
|z|n,
the absolute sum of the series (1.1). However, if |z| = r < 1, Kayumov et al. [18] obtained the
sharp radius r for which this absolute sum has the same upper bound (1/r) log(1/(1−r)). This
was important to study, as in general, a convergent series need not be absolutely convergent.
Indeed, they established
Theorem A. If f(z) =
∑
∞
n=0 anz
n ∈ B, then
∞∑
n=0
(
1
n+ 1
n∑
k=0
|ak|
)
rn ≤ 1
r
log
1
1− r
for r ≤ R = 0.5335 . . .. Here the number R is the positive root of the equation
2x− 3(1− x) log 1
1− x = 0
that cannot be improved.
Motivated by Theorem A, in this paper, we study the Bohr radius problem for the β-Cesa´ro
operator (β > 0) defined by
Tβ[f ](z) :=
∞∑
n=0
(
1
n+ 1
n∑
k=0
Γ(n− k + β)
Γ(n− k + 1)Γ(β)ak
)
zn =
∫
1
0
f(tz)
(1− tz)β dt, z ∈ D,
and for the Bernardi operator defined as
Lγ [g](z) :=
∞∑
n=m
an
n+ γ
zn =
∫
1
0
g(zt)tγ−1dt,
for g(z) =
∑
∞
n=m anz
n and γ > −m, here m ≥ 0 is an integer. With the help of the Bernardi
operator we also obtain the Bohr radii for some known operators. Detailed discussion on
these problems are described in the next section.
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2. Main results
Note that the β-Cesa´ro operator Tβ (β > 0) is a natural generalization of the Cesa´ro
operator T defined by (1.1) and indeed, we have T1 = T . For f ∈ B and β > 0, an
elementary estimation of the integral in absolute value gives us the sharp inequality
|Tβ[g](z)| ≤


1
r
[
1− (1− r)1−β
1− β
]
, if β 6= 1,
1
r
log
1
1− r, if β = 1,
for each |z| = r < 1. In this line, similar to Theorem A, our first main result is the following.
Theorem 2.1. For f(z) =
∑
∞
n=0 anz
n ∈ B and 0 < β 6= 1, we have
∞∑
n=0
(
1
n+ 1
n∑
k=0
Γ(n− k + β)
Γ(n− k + 1)Γ(β) |ak|
)
rn ≤ 1
r
[
1− (1− r)1−β
1− β
]
,
for r ≤ R(β), where R(β) is the positive root of the equation
3[1− (1− x)1−β ]
1− β −
2[(1− x)−β − 1]
β
= 0.
The radius R(β) cannot be improved.
Here, it is easy to observe that if we take the limit β → 1 in Theorem 2.1 then we can
obtain Theorem A.
Remark 2.1. Another form of the β-Cesa´ro operator of a normalized analytic function
g(z) =
∑
∞
n=1 bnz
n in D has been studied in the literature (see [25]):
Cβ[g](z) =
∫
1
0
g(tz)
t(1− tz)β dt =
∞∑
n=0
(
1
n+ 1
n∑
k=0
Γ(n− k + β)
Γ(n− k + 1)Γ(β)bk+1
)
zn+1, z ∈ D,
for β > 0. This version of the β-Cesa´ro operator was initially considered to study its bound-
edness, compactness, and spectral properties, and more recently its univalency properties
were investigated in [24]. To study its Bohr radius problem, it is necessary for us to assume
that g(z) =
∑
∞
n=1 bnz
n ∈ B0. An easy calculation gives us the sharp inequality, for g ∈ B0
and β > 0,
|Cβ[g](z)| ≤


1− (1− r)1−β
1− β , if β 6= 1,
log
1
1− r, if β = 1,
for each |z| = r < 1. It is well-known by the Schwarz lemma that if g(z) =∑∞n=1 bnzn ∈ B0
then we can write g(z) = zh(z) for h(z) =
∑
∞
n=0 bn+1z
n ∈ B. So, we have
Cβ[g](z) =
∞∑
n=0
(
1
n+ 1
n∑
k=0
Γ(n− k + β)
Γ(n− k + 1)Γ(β)bk+1
)
zn+1 = zTβ [h](z).
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Now, by using Theorem 2.1 we obtain
∞∑
n=0
(
1
n+ 1
n∑
k=0
Γ(n− k + β)
Γ(n− k + 1)Γ(β) |bk+1|
)
rn+1 ≤ 1− (1− r)
1−β
1− β , 0 < β 6= 1,
for r ≤ R(β). Here R(β) is the positive root of the equation
3[1− (1− x)1−β ]
1− β −
2[(1− x)−β − 1]
β
= 0
that cannot be improved. Recall that the operator C1 has been considered in [17, 24, 25, 33]
for various aspects. Moreover, in the limit β → 1, we can indeed obtain the Bohr radius
problem: If g(z) =
∑
∞
n=1 bnz
n ∈ B0 then
∞∑
n=0
(
1
n+ 1
n∑
k=0
|bk+1|
)
rn+1 ≤ log 1
1− r
for r ≤ R = 0.5335 . . .. The number R is the positive root of the equation
2x− 3(1− x) log 1
1− x = 0
that cannot be improved. This remark observes that the Bohr radii for the operators Tβ and
Cβ are almost same, but up to an extra factor 1/r. 
Similar to the Bohr-type radius problem of the operator Tβ , β > 0, we also study the Bohr
radius of the absolute series of the Bernardi operator [30, P. 11] (see also [32]) defined by
Lγ[f ](z) :=
∞∑
n=m
an
n+ γ
zn =
∫
1
0
f(zt)tγ−1dt,
for f(z) =
∑
∞
n=m anz
n and γ > −m, here m ≥ 0 is an integer. The function Lγ [f ] is analytic
in D and several properties of Lγ [f ] when m = 1 (with a normalization) are well-known (see,
for instance [30–32]).
It is easy to calculate the following sharp bound
|Lγ [f ](z)| ≤ 1
m+ γ
rm, |z| = r < 1
for f(z) =
∑
∞
n=m anz
n. Corresponding to the above inequality, we obtain the following result.
Theorem 2.2. Let γ > −m. If f(z) =∑∞n=m anzn ∈ B, then
∞∑
n=m
|an|
n+ γ
rn ≤ 1
m+ γ
rm
for r ≤ R(γ). Here, R(γ) is the positive root of the equation
xm
m+ γ
− 2
∞∑
n=m+1
xn
n+ γ
= 0
that cannot be improved.
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Letting γ = 1 in the Bernardi operator Lγ , we obtain the well-known Libera operator [30,32]
defined as
L[f ](z) :=
∫
1
0
f(zt) dt =
∞∑
n=0
an
n+ 1
zn.
The multiplication of z in the Libera operator L gives the integral
I[f ](z) :=
∞∑
n=0
an
n + 1
zn+1 =
∫ z
0
f(w)dw, |z| < 1.
It is easy to check that
|L[f ](z)| ≤ 1 and |I[f ](z)| ≤ r, |z| = r.
As a special case of Theorem 2.1 (γ = 1 and m = 0), we get the Bohr radius for the Libera
operator as well as for the operator I as follows.
Corollary 2.3. If f(z) =
∑
∞
n=0 anz
n ∈ B, then
∞∑
n=0
|an|
n+ 1
rn ≤ 1,
for r ≤ R with R = 0.5828 . . ., the positive root of the equation 3x+ 2 log(1 − x) = 0. Here,
R is the best possible.
Also, the Alexander operator [15, 24, 25, 30]
J [g](z) :=
∫
1
0
g(zt)
t
dt =
∞∑
n=1
bn
n
zn,
for g(z) =
∑
∞
n=1 bnz
n, extensively studied in the univalent function theory. We have sharp
bound
|J [g](z)| ≤ r
for each |z| = r < 1, since |g(zt)/t| ≤ 1 here. Then from the observation of the Schwarz
lemma, for every g ∈ B0 we can obtain an element h ∈ B such that g(z) = zh(z). So, we
have the following result as a consequence of Corollary 2.3.
Corollary 2.4. If g(z) =
∑
∞
n=1 bnz
n ∈ B0, then
∞∑
n=1
|bn|
n
rn ≤ r,
for r ≤ R. Here, R = 0.5828 · · · is the positive root of the equation 3x+2 log(1−x) = 0 that
cannot be improved.
In the next section, we discuss the proofs of Theorems 2.1 and 2.2.
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3. Proofs of the main results
3.1. Proof of Theorem 2.1. First we define
(3.1) T fβ (r) :=
∞∑
n=0
(
1
n+ 1
n∑
k=0
Γ(n− k + β)
Γ(n− k + 1)Γ(β) |ak|
)
rn,
where f(z) =
∑
∞
n=0 anz
n ∈ B, 0 < β 6= 1 and r = |z| < 1. Setting |a0| := a and let a < 1. By
Wiener’s estimate we know that |an| ≤ 1− a2 for n ≥ 1. This yields
T fβ (r) ≤ a
∞∑
n=0
(
1
n + 1
Γ(n+ β)
Γ(n + 1)Γ(β)
)
rn + (1− a2)
∞∑
n=1
(
1
n + 1
n∑
k=1
Γ(n− k + β)
Γ(n− k + 1)Γ(β)
)
rn.
The above inequality is equivalent to
T fβ (r) ≤
a
r
∫ r
0
1
(1− t)β dt+
(1− a2)
r
∫ r
0
t
(1− t)β+1 dt
=
(a2 + a− 1)
r
∫ r
0
1
(1− t)β dt+
(1− a2)
r
∫ r
0
1
(1− t)β+1 dt.
It follows that
T fβ (r) ≤
1
r
[
(a2 + a− 1)[1− (1− r)1−β]
1− β +
(1− a2)[(1− r)−β − 1]
β
]
:= φ(a).
Differentiation of the function φ with respect to a gives us
φ′(a) =
1
r
[
(2a+ 1)[1− (1− r)1−β]
1− β −
2a[(1− r)−β − 1]
β
]
and so
φ′′(a) =
1
r
[
2[1− (1− r)1−β]
1− β −
2[(1− r)−β − 1]
β
]
.
It is easy to see that φ′′(a) ≤ 0 for every a ∈ [0, 1) and r ∈ [0, 1). This provides that
φ′(a) ≥ φ′(1). Here
φ′(1) =
1
r
[
3[1− (1− r)1−β]
1− β −
2[(1− r)−β − 1]
β
]
≥ 0
holds for r ≤ R(β), where R(β) is the positive root of the equation
3[1− (1− x)1−β ]
1− β −
2[(1− x)−β − 1]
β
= 0.
Then φ(a) is an increasing function of a, for r ≤ R(β). It implies that
φ(a) ≤ φ(1) = 1
r
[
1− (1− r)1−β
1− β
]
,
for r ≤ R(β). It is easy to observe that R(β) < 1. This completes the first part of the
theorem.
To conclude the final part, we consider the function
φa(z) =
z − a
1− az = −a + (1− a
2)
∞∑
n=1
an−1zn,
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where z ∈ D and a ∈ [0, 1). By using (3.1), we obtain the sum
T φaβ (r) =
a
r
[
1− (1− r)1−β
1− β
]
+ (1− a2)
∞∑
n=1
(
an−1
n + 1
n∑
k=1
Γ(n− k + β)
Γ(n− k + 1)Γ(β)
)
rn
=
a
r
[
1− (1− r)1−β
1− β
]
+
(1− a2)
r
∫ r
0
t
(1− at)(1− t)β dt.
We can rewrite the last expression as
(3.2) T φaβ (r) =
1
r
[
1− (1− r)1−β
1− β
]
− (1− a)
r
[
3[1− (1− r)1−β]
1− β −
2[(1− r)−β − 1]
β
]
+Na(r),
where
Na(r) =
2(1− a)
r
[
[1− (1− r)1−β]
1− β −
[(1− r)−β − 1]
β
]
+
(1− a2)
r
∫ r
0
t
(1− at)(1 − t)β dt.
Expressing Na(r) into its summation form, we have
Na(r) =
∞∑
n=0
1
n + 1
(
− (1− a)
2
a
Γ(n+ β)
Γ(n+ 1)Γ(β)
− 2(1− a) Γ(n+ β + 1)
Γ(n + 1)Γ(β + 1)
+
(1− a2)
a
n∑
m=0
Γ(n−m+ β)
Γ(n−m+ 1)Γ(β)a
m
)
rn.
By using the identity
n∑
m=0
Γ(n−m+ β)
Γ(n−m+ 1)Γ(β) =
Γ(n+ β + 1)
Γ(n+ 1)Γ(β + 1)
,
we can get that Na(r) = O((1− a)2), as a tends to 1. Further, a simple computation shows
that for r > R(β) the quantity
3[1− (1− r)1−β]
1− β −
2[(1− r)−β − 1]
β
< 0.
After using these observations in (3.2) we conclude that R(β) cannot be improved. This
completes the proof. 
3.2. Proof of Theorem 2.2. Given that f(z) =
∑
∞
n=m anz
n ∈ B. We set the notation
(3.3) Lf (r) :=
∞∑
n=m
|an|
n+ γ
rn.
The Schwarz lemma gives f(z) = zmh(z), where h(z) =
∑
∞
n=m anz
n−m. Denoting by a :=
|am| < 1 and using the Wiener estimate |an| ≤ (1− a2) for n ≥ m+ 1 in (3.3), we obtain the
following inequality
Lf (r) ≤ a
m+ γ
rm + (1− a2)
∞∑
n=m+1
1
n + γ
rn := ψ(a).
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It is easy to see that
ψ′′(a) = −2
∞∑
n=m+1
1
n + γ
rn ≤ 0.
Thus,
ψ′(a) ≥ ψ′(1) = 1
m+ γ
rm − 2
∞∑
n=m+1
1
n + γ
rn ≥ 0,
for r ≤ R(γ), where R(γ) is the positive root of the equation
1
m+ γ
rm − 2
∞∑
n=m+1
1
n+ γ
rn = 0.
Hence, ψ(a) is an increasing function of a for r ≤ R(γ). This gives that
∞∑
n=m
|an|
n+ γ
rn ≤ 1
m+ γ
rm, for r ≤ R(γ).
Also, a simple observation gives R(γ) < 1.
To prove R(γ) is the best possible bound, we consider the function
ψa(z) = z
m z − a
1− az = −az
m + (1− a2)
∞∑
n=1
an−1zn+m,
where z ∈ D and a ∈ [0, 1). We obtain the following equality
Lψa(r) =
a
m+ γ
rm + (1− a2)
∞∑
n=m+1
an−1
n+ γ
rn
with the help of (3.3), which is equivalent to
(3.4) Lψa(r) =
1
m+ γ
rm − (1− a)
(
1
m+ γ
rm − 2
∞∑
n=m+1
1
n+ γ
rn
)
+Ma(r),
where
Ma(r) = 2(a− 1)
∞∑
n=m+1
1
n+ γ
rn + (1− a2)
∞∑
n=m+1
an−1
n+ γ
rn.
Letting a→ 1, we obtain
Ma(r) =
∞∑
n=m+1
2(a− 1) + (1− a2)an−1
n+ γ
rn = O((1− a)2).
Further, the quantity
1
m+ γ
rm − 2
∞∑
n=m+1
1
n + γ
rn < 0
whenever r > R(γ). These facts in (3.4) gives that R(γ) cannot be improved and the proof
is complete.
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